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Numerical Computation of Two-Dimensional Viscous
Blunt Body Flows with an Impinging Shock
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Two-dimensional, viscous, blunt body flows with an impinging shock wave are computed using a time-
dependent, finite-difference method to solve the complete set of Navier-Stokes equations. The bow shock wave
is treated as a discontinuity, whereas all interior shock layer detail such as shear layers, shock waves, jets, and
the wall boundary layer are captured automatically in the solution. Numerical results are presented for cases in
which shock waves of different strengths are allowed to impinge on the flowfield surrounding a circular cylinder,
resulting in different shock interference patterns. The two-dimensional results are compared qualitatively with
existing three-dimensional experiments.
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r/ = coordinate measured normal to body
0 = angle measured from stagnation streamline
/i = viscosity coefficient
£ = coordinate measured along body
p = density
TJJ = shear stress tensor
Subscripts and superscripts
j = mesh point location in z direction
k = mesh point location in y direction
stag = stagnation point value without impingement
w . = wall value
oo = f reestream value
n - time step location

Introduction

AN extraneous shock wave impinging on a blunt body in
a hypersonic flow has been observed to greatly increase

both the heat-transfer rate and pressure near the impingement
point. In fact, Mains and Keyes l have measured peak heating
rates up to 17 times the ordinary stagnation point rate and
pressure peaks up to 8 times the freestream pitot pressure as a
result of shock impingement. Flowfields of this type may oc-
cur on the space shuttle and other maneuverable re-entry
vehicles.

The intense heating and high pressures occur over a small
region where a disturbance, originating at the intersection of
the impinging shock and bow shock, strikes the body. The
disturbance may be a free shear layer, a supersonic jet, or a
shock wave, depending on the strength and location of the im-
pinging shock and the shape of the body. Edney2 has
described six different types of shock interference patterns
which can. occur. If the impinging shock wave strikes the bow
shock in the region where the shock layer is subsonic, either a
Type III or a Type IV interference pattern will result. These
interference patterns are shown in Fig. 1 . In the Type III in-
terference pattern, the disturbance is a shear layer that at-
taches to the surface of the body. In the Type IV interference
pattern, the disturbance is a supersonic jet that is embedded in
the subsonic portion of the flowfield. This latter interference
pattern will produce the greatest heating rates and pressures.
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Fig. 1 Type III and Type IV shock interference patterns.

Because of the very complicated nature of shock im-
pingement flowfields, previous attempts2"5 at predicting the
maximum heating rates and pressures have been limited to
semiempirical approaches. Parameters such as the angle be-
tween the impinging shock and the bow shock and the bow
shock standoff distance (after impingement) must be specified
somehow before these methods can be employed. This em-
piricism has been eliminated for the first time during the
present study by numerically computing the entire shock im-
pingement flowfield. This was accomplished by using a
"time-dependent," finite-difference method to solve the com-
plete set of Navier-Stokes equations for a compressible,
laminar flow. The major reason for using the "time-
dependent" method is that the resulting unsteady Navier-
Stokes equations are a mixed set of hyperbolic-parabolic
equations for both subsonic and supersonic flows. As a result,
a very complicated flowfield, such as one of those shown in
Fig. 1 where both subsonic and supersonic regions are
present, can be calculated as an initial-value problem. An ad-
ditional advantage is that, since the complete Navier-Stokes
equations are solved, all shock waves, shear layers, jets, and
the wall boundary layer are "captured" automatically in the
solution without prior knowledge of their location or even
existence.

For very low Reynolds number flows, the entire shock im-
pingement flowfield, including the bow shock, can be "cap-
tured" using this so-called "shock-capturing" approach. This
approach was used for computations made during the early
stages of the present study.6 However, it was found that for
higher Reynolds number flows it was not practical to "cap-
ture" the bow shock because of the numerical difficulties
associated with the large gradients at the bow shock. Instead,
it was found to be more convenient to treat the bow shock as a
discontinuity, across which the Rankine-Hugoniot equations
could be applied, while leaving the boundary layer and in-
teraction regions to be captured as before. This latter ap-
proach is the so-called "shock-fitting" method.

The numerical methods and results described in this paper
are strictly two-dimensional. Unfortunately, most ex-
perimental studies have been inherently three-dimensional,
being generated by a planar shock impinging on an axisym-
metric body. These three-dimensional flowfields do have a
plane of symmetry, however, in which the flow is qualitatively
the same as in a corresponding two-dimensional flowfield. In
the present paper, qualitative comparisons are made in this

Fig. 2 Two-dimensional body intrinsic coordinate system.

manner to give credibility to the computed two-dimensional
results.

Governing Equations

The fundamental governing equations for an unsteady flow
without body forces or external heat additions can be written
in conservation-law form for a two-dimensional, body in-
trinsic coordinate system ($ee Fig, 2) as

(1)
where

pu

pv

E

(2)

pu

(3)

pv

(4)

H=

0

(5)

In addition to the preceding conservation equations, an
equation of state in the form

p=p(e,p) / (6)
must be specified. For a perfect gas, this equation can be writ-
ten as

p=(y-l)pe (7)
For the case of air in chemical equilibrium, approximate curve
fits are available for Eq. (6) in Refs. 7 and 8.
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The Navier-Stokes expressions for the components of the
shearing stress tensor and the heat flux vector are

(8a)

(8b)

where

du +KV

1+Kr)
dv du Ku

1+Kr,

(8c)

(9a)

(9b)

(9c)

-k dT dT
^T'9,= -k—— (10)

and

To complete the system of equations, it is necessary to
specify expressions for the viscosity (/-t) and the coefficient of
thermal conductivity ( k ) . For the present study, Sutherland's
equation

fji = C1T3/2/(T+C2) (11)

is used to determine the viscosity, and the coefficient of ther-
mal conductivity is computed by assuming a constant Prandtl
number:

k = yRn/(y — l)Pr (12)

Two independent variable transformations are applied to
the governing equations just listed. The first transformation
maps the computational domain into a rectangular region in
the transformed (y, z) plane. The equations fo the first in-
dependent variable transformation are

=t (13)

where 6(£,0 is the local distance between the body and the
shock.

The second independent variable transformation, similar to
one introduced in Ref. 9, stretches the computational mesh in
the direction normal to the body. The equations for this
transformation are

In
y=y> z=&+ (I — /3-z(2a

In
, t=t

(14)

where /3 is related
thickness (c) by

to the approximate boundary-layer

(15)

This transformation permits the mesh to be either refined near
the body (a - 0) or refined equally near both the body and the
bow shock (a= l/2). By refining the mesh near the body, it is
possible to describe the boundary layer more accurately. On
the other hand, it may be desirable to refine the mesh at both
the body and the bow shock for shock impingement com-
putations.

After employing the two transformations given by Eqs. (13)
and (14), the final computational grid in the (y, z) plane is
shown in Fig. 3, and the corresponding grid in the physical
plane (£,77) is shown in Fig. 4 for a. = 0.

The final forms of the conservation equations are

where
dU/dt+dF/dy + dG/dz+H=0

U=dU, F=5F

G= (dz/dz) [ (1-z) (6tU+5yF) -G]

-2a]/[/3(l-a)]}

The transformed expressions for the components
shearing stress tensor and heat flux vector are

(16)

(17a)

(17b)

(17c)

of the

r du
Ldy~

<5 dz dz

2 dz dv
d dz dz

(18a)

(18b)

l + K(l-z)5

1 dz du
d -dz dz

Ku
l + K(l-z)d (18c)

-k
dz

k dz dT
T a?~ a^~

dz
(19a)

(19b)
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where

(20a)

2j3(7-oQ(2adz_ = __
dz ~ [ P 2

(20b)

Numerical Solution of Equations
Finite-Difference Scheme

MacCormack's finite-difference scheme10 is used to solve
the governing equations at each interior grid point. This ex-
plicit scheme has second-order accuracy in both space and
time. When MacCormack's algorithm is applied to Eq/(16),
the following predictor-corrector equations result:

~ (21)

SHOCK AT TIME f + At

( v,
yQ//^— SHOCK AT TIME

.A-U A \

Fig. 5 Notation for "shock-fitting" procedure.

The magnitude of the local shock velocity then can be related
to <5, by

(25)

The vector component of the fluid velocity normal to and
measured with respect to the moving shock is given by

Vi = [ (Vaoir, + "00^ -U-s) -ns]ns = - Vjns

from which dt can be obtained as

(26)

«,= K7 7 + !+Kd
(27)

~ -A/ (22)

where Z=./ = kAy, t =

Note that the spatial derivatives in the predictor step are ap-
proximated by forward differences, whereas in the corrector
step they are approximated by backward differences. The
shear and heat flux terms appearing in F, G, and H are
evaluated using backward differences in the predictor step
and forward differences in the corrector step. The net result is
a central difference approximation for the shear stress and
heat flux terms.11 Using this finite-difference scheme, the
computation is advanced in time from the initial conditions
until the "steady-state" solution is reached.
Boundary Conditions

The flow conditions along the leftmost boundary (j = 1 in
Fig. 3) are those conditions that exist immediately down-
stream of the bow shock as determined by the Rankine-
Hugoniot relations. Consequently, it is necessary to permit
this boundary to move with the bow shock as the latter moves
toward its "steady-state" position. The approach used here is
somewhat similar to the approach previously used by Thomas
et al.12 and Kutler et al.13 in their inviscid steady flow com-
putations. Their predictor-corrector approach has been
modified for the present unsteady computations.

The notation used for the "shock-fitting" procedure is
shown in Fig. 5. The local velocity of the shock is given by

Us=Usns (23)

where ns denotes the outward unit normal to the shock given
by

(24)
1+K8

At the beginning of the predictor step, the shock location is
computed from the Euler predictor equation

(28)5n+1 =

using Eq. (27) to evaluate d". The derivative 6| that appears
in Eq. (27) is evaluated using the second-order central dif-
ference formula:

d'l = (dn
k+1-5n

k_1)/2Ay (2<k<NK-l) (29)

For the grid points immediately above and below the shock in-
tersection point, it is not acceptable to use Eq. (29). Instead,
second-order, one-sided difference formulas have been em-
ployed at these grid points.6 For convenience, the intersection
point is placed halfway between two adjacent grid points.

The pressures immediately behind the bow shock are com-
puted using the standard MacCormack predictor, Eq. (21).
Once the pressures are determined, Vl and the remaining flow
variables along j = 1 are computed readily using exact shock
jump relations.14 This completes the predictor step. The
corrector step is similar to the predictor step except that the
shock standoff distance is evaluated using the modified Euler
corrector: _

d» + ] = d"+At(d?+d?+I )/2 (30)

and the pressures behind the bow shock are computed using a
modified MacCormack corrector scheme in which the usual
backward difference for dG/dz is replaced by a forward dif-
ference.

The calculation of the boundary conditions along j = 1
using the "shock-fitting" method described previously is per-
formed before the predictor or corrector steps are initiated at
interior grid points. All other boundary conditions are
calculated after the predictor or corrector step is completed at
all interior grid points. The flow conditions along the super-
sonic outflow boundaries (k=l and k=NK in Fig. 3) are
determined using a second-order extrapolation of interior
grid-point data. For example, the pressure along k=NK are
obtained from

-l ~3pj NK_2 +Pj,NK-3 (31)
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Fig. 6 Mach number contours for no shock impingement.

Along the body surface, the following conditions are im-
posed:

ik = 0 vNJ>k =

(32a)

(32b)

Initial Conditions

In all computations performed thus far, the blunt body flow
without the impinging shock was computed first. The initial
conditions for this calculation are obtained in the following
manner. First, the approximate curve fit of Billig15 is used to
find the location (5) and slope (5% ) of the bow shock at each
grid point along j — 1 . With 5 and 6^ known and dt set equal to
zero, Eq. (27) can be used to find V1 . Shock jump relations
then can be employed to find the remaining flow variables
behind the bow shock. 14

The initial flow conditions at the wall are obtained using the
known wall temperature in conjunction with pressures com-
puted from the modified Newtonian expression

Pw = (Pstag "Poo )COS20+/70 (33)

where p stag is computed using Rayleigh's pitot formula. 16 The
initial flow conditions at interior grid points are determined
by assuming a linear variation between the flow conditions
immediately behind the bow shock and the wall conditions.

After a "steady-state" solution is achieved for the un-
disturbed blunt body flow, the impinging shock is introduced
by resetting the freestream flow variables above the in-
tersection point equal to the values that exist behind the
desired oblique impinging shock. The computation then is
restarted and is continued until the final "steady-state"
solution is reached.

Stability

Since the present computational method is explicit, the
maximum time increment (At) must be limited to insure
stability. For inviscid flows, this limitation is expressed by the
usual C.F.L. condition.11 For the present viscous com-
putations, the allowable time increment is computed using the
empirical formula

where Re& is the minimum mesh Reynolds number and
(At) C F L is the time increment permitted by the C.F.L. con-
dition.

In addition to the instability that will occur if the maximum
allowable time step is exceeded, an instability has been en-

-60 -40 -20 0 20 40 60 80
ANGLE, 0, DEC

Fig. 7 Wall pressure with no shock impingement.
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Fig. 8 Heat flux with no shock impingement.

countered near the shock intersection point. This is believed to
be due to the large gradients that are present in this region.
This instability has been avoided in the present study by using
the fourth-order damping scheme, proposed by Mac-
Cormack,17 in the vicinity of the intersection point.

Results
The present method has been used to compute the two-

dimensional flowfields that result when various shock waves
are allowed to impinge on the undisturbed flowfield surroun-
ding a circular cylinder. The freestream conditions chosen for
these computations wereM^ =4.6, ReD<x = 10,000, Pr = 0.72,
Poo = 14.93 N/m2, 7^ = 167°K, and 7 = 1.4, with a cylinder
diameter (D) of 0.3048 m and a wall temperature of 556°K.
The freestream Mach number and the angles of the impinging
shock waves were chosen to correspond with the three-
dimensional tests of Edney2 in which planar shock waves were
allowed to impinge on a hemisphere. Although the present
computations are two-dimensional, qualitative comparisons
still can be made with the Edney experiments, especially near
the bow shock where the flow is locally two-dimensional.

A mesh consisting of 31 grid points in the z direction and 51
grid points in the y direction was used in all computations.
The lower outflow boundary (£ = 0) was located along a ray
61.5° below the undisturbed stagnation streamline, whereas
the upper outflow boundary (£ = £max) was located along a
ray 88.5° above the undisturbed stagnation streamline. These
boundaries were chosen so that the flow passing out of each
of them was supersonic, except in the boundary layer, for
both the undisturbed and disturbed (shock impingement)
computations. The mesh was refined near the body (a = 0)
with a stretching factor (/3) equal to 1.12. For this value of /3,
the first grid point off the body is located at 1.13% of the
shock standoff distance, as compared with 3.33% for no
stretching.
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Fig. 9 Mach number contours for 20.9° shock impingement at
= 36°.

Fig. 10 Mach number contours for 16.1° shock impingement at
0 = 9°.

The blunt body flow without the impinging shock was com-
puted initially. The lines of constant Mach number (contours)
for this computation are shown in Fig. 6. These contour lines
were drawn by a computer plotter in increments (AM) of 0.05
starting at M=0. All other contour plots that appear in this
paper were drawn in the same manner. The contours in Fig. 6
clearly show the boundary layer at the surface of the cylinder.

The wall pressures for the undisturbed calculation are com-
pared with the experimental curve of Beckwith and Cohen18

in Fig. 7. Excellent agreement is achieved. The heat-transfer
rates for the undisturbed computation are compared in Fig. 8
with the heat-transfer rates computed by a boundary-layer
program.19 The two computations agree reasonably well,
which indicates that the mesh employed in the present com-
putations is quite adequate for resolving the boundary layer.
It generally is accepted that the maximum mesh Reynolds
number should be < 2 to resolve all significant features of a
viscous region properly. However, for the case of a boundary
layer, MacCormack and Baldwin17 have argued that, since
the gradients normal to the wall are dominant, it is necessary
only that the normal mesh Reynolds number be <2. In the
present case, this Reynolds number (ReAri) is less than 2
everywhere in the boundary layer, except along the outer edge
of the boundary layer near the upper outflow boundary,
where a maximum value of 4.4 is reached.

Over the entire computational domain, the mesh Reynolds
numbers (Re^ and Re^) have values that range from zero at
the wall to a maximum of 290 at j — 1, k — 51. Along the
stagnation streamline, the maximum mesh Reynolds number
is 41 and occurs immediately behind the bow shock. As a con-
sequence of the relatively large mesh Reynolds numbers near
the bow shock, it cannot be expected that the viscous details

Fig. 11 Three-dimensional experimental result of Edney for 16.1°
shock impingement.
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Fig. 12 Mach number contours for 20.9° shock impingement at 0
= 9°.

near the bow shock will be resolved properly. This is
especially true for the shock impingement cases considered
next, where a shear layer emanates from the intersection
point. However, in all cases the flow in the vicinity of the bow
shock is predominately inviscid, so that the large mesh
Reynolds numbers in this region should not alter the final
results significantly at the wall.

Three cases were computed in which different shock waves
were allowed to impinge on the undisturbed flowfield. In the
first case, a shock wave making an angle of 20.9°, with
respect to the freestream direction, was allowed to impinge on
the bow shock at 0 = 36° (halfway between £ = 33 and k = 34
along 7 = 1). This intersection point is located just below the
upper sonic line in the undisturbed flowfield. The ratio of
pressures across this impinging shock wave is 2.98, and the
flow deflection angle is 10°.

The Mach number contours for the resulting shock im-
pingement flowfield are shown in Fig. 9. In this case, a shear
layer emanates from the intersection point and passes out the
upper outflow boundary without hitting the body. The in-
cident shock has caused the bow shock to be moved outward a
considerable distance from its undisturbed location. In ad-
dition, it causes an increase in wall pressure of 183% and an
increase in heat transfer of 86% over the undisturbed values
at the upper outflow boundary (j = 31, k = 51).

In the second case, a shock wave making an angle of 16.1 °,
with respect to the freestream direction, was allowed to im-
pinge on the bow shock at 6 = 9° (halfway between k = 24 and
k = 25 along 7 = 1). The ratio of pressures across this im-
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Fig. 13 Three-dimensional experimental result of Edney for 20.9°
shock impingement.
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Fig. 14 Comparison of wall pressures.

pinging shock is 1.73, and the flow deflection angle is 5°. The
Mach number contours for the resulting shock impingement
flowfield are shown in Fig. 10. In this case, a shear layer
emanates from the intersection point and makes a tangential
approach to the body surface. This corresponds to a
degenerate form of the usual Type III interference pattern,
since there is no reflected shock wave from the body surface.
The lack of a reflected shock wave is due to the tangential ap-
proach of the shear layer. A corresponding three-dimensional
shock impingement flowfield was observed by Edney for the
same shock impingement angle and a similar shock in-
tersection location. His schlieren photograph is reproduced in
Fig. 11. As a result of the impinging shock wave, the wall
pressure was increased by 94%, and the heat-transfer rate was
increased by $1% over the undisturbed values at the upper
outflow boundary.

In the final case computed, a 20.9° shock wave was allowed
to impinge on the undisturbed flowfield at the same location
(0 = 9°) as in the previous computation. The resulting Mach
number contours are shown in Fig. 12. The impinging shock
has caused the stagnation point to be moved a considerable
distance from its original location. In addition, a shear layer
emanates from the intersection point and is intercepted by a

- NO SHOCK
IMPINGEMENT

- 20. f° SHOCK
A T e = f°

- W.1° SHOCK
AT 9 = 9°

- 20.f° SHOCK
AT 9 = 36° J

-60 -40 -20 0 20 40 60 SO

ANGLE, 6, DEG

Fig. 15 Comparison of heat transfer rates.

shock wave that starts at the upper kink in the bow shock.
Because the shear layer and the embedded shock are "cap-
tured" in the present computation, some of the detailed struc-
ture is lost, and it is difficult to determine whether this is a
Type III or a Type IV shock impingement flowfield. The
shock wave from the upper kink in the bow shock appears to
intercept the shear layer before its hits the body, which is
characteristic of a Type IV interference pattern. On the other
hand, a shear layer is transmitted downstream from the upper
kink in the bow shock, which is characteristic of a Type III in-
terference pattern.

It is apparent that the contours in Fig. 12 are not as smooth
as those appearing in previous figures. This is due to slight
numerical oscillations, which are typical of "shock-
capturing" methods. In this case, the oscillations are caused
partially by the contour plotter. In subsequent computations,
the oscillations have been eliminated completely by using the
fourth-order smoothing scheme of MacCormack.17 For the
results shown here, smoothing was used only at mesh points in
the vicinity of the intersection point.

The corresponding three-dimensional flowfield of Edney
which has the same shock impingement angle as the present
case and the same intersection location as before is shown in
Fig. 13. This flowfield corresponds to a Type III interference
pattern.

Comparisons of the pressures and heat-transfer rates on the
body surface before and after impingement for all cases are
shown in Figs. 14 and 15. In the present case, the impinging
shock wave causes a peak pressure and peak heating rate
which are both 2.2 times greater than the no-impingement
stagnation point values. In addition, the bow shock has been
displaced outward a considerable distance from its un-
disturbed location. This displacement effect is much larger in
the present two-dimensional computations than is usually ob-
served in three-dimensional experiments because the "relief"
effect of the third dimension is not present here.

The results of this study were obtained on a CDC 7600 com-
puter. About 20 min of computer time were needed for the no-
impingement case, and an additional time of approximately
50 min was needed for each of the impingement cases.

Conclusions
In this study, two-dimensional shock impingement

flowfields were computed using a "time-dependent," finite-
difference method that solves the complete set of Navier-
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Stokes equations. This method does not require prior in-
formation about the shock impingement flowfield to be com-
puted, as is the case with previous semiempirical approaches.
In addition, since the shock layer flowfield is automatically
"captured" in the same manner in each computation, it is
possible, in principle, to compute all six types of shock im-
pingement with the same computer program.

The present two-dimensional results are somewhat limited
in practical application because impinging shocks rarely line
up perfectly with aircraft components, such as wing leading
edges. In fact, the usual situation occurs when the impinging
shocks cuts across the leading edge to produce a three-
dimensional interaction. The significance of the present work
lies in the fact that it demonstrates the feasibility of
calculating the flowfield resulting from a shock wave im-
pinging on a blunt body and that it lays the ground work for
three-dimensional computations. Work is already in progress
on the latter problem.20 Although the computer demands are
great, it does appear that three-dimensional computations are
possible with available advanced computers.
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